The late-time dynamics of massive spin-2 fields in flat and curved spacetimes are studied analytically. We find that the time evolutions of the massive fields are characterized by oscillatory power-law decaying tails at asymptotically late times. In a flat spacetime the decaying exponent depends on the multipole number and the parity of the mode. In the curved Schwarzschild black-hole spacetime the decaying exponent is found to be universal.
I. INTRODUCTION
Massive bosonic fields with arbitrary spins are predicted by many beyond-standard-model theories [1] [2] [3] [4] [5] . In addition, several extensions of the general theory of relativity which include massive mediator fields have been proposed in the literature, see [1] [2] [3] [4] [5] and references therein. It is therefore of physical interest to explore the characteristic dynamics of these massive fields.
One of the most remarkable features of the dynamics of massive fields is the development of asymptotic (t → ∞) tails. At late times, after the passage of the primary pulse, massive wave fields do not cut off sharply. Instead, they tend to die off gently, leaving behind asymptotically late-time decaying tails [6] [7] [8] . Massive fields are unique in that their flat-space dynamics are characterized by non-vanishing tails. Massless fields, on the other hand, are characterized by tail-free propagation in a flat spacetime. [For the well-studied phenomena of massless wave tails in curved spacetimes, see [9] and references therein.]
The asymptotic tails which characterize the late-time dynamics of massive fields are a direct consequence of the fact that different frequencies which compose the massive wave packet have different phase velocities. For example, the flat-space dynamics of a spherically symmetric spin-0 (scalar) field of mass µ is governed by the Klein-Gordon equation
[We use units in which G = c =h = 1. In these units µ has the dimensions of (length) −1 .] For a plane wave of the form Ψ(t, r) ∼ e i(kr−ωt) , one finds from (1) the dispersion relation ω(k) = k 2 + µ 2 which yields the frequency-dependent phase velocity [6] 
For a spherically symmetric massive scalar field, it was shown in [6] that the interference between the different components of the massive wave packet [which are characterized by different phase velocities, see Eq. (2)] produces a late-time decaying tail of the form [6] 
Here r is the location of the observer. The late-time tails of generic (non-spherical) massive scalar fields were analyzed in [7] . Resolving the field into spherical harmonics Ψ(r, t) = lm ψ lm (r)Y lm (θ, φ)e −iωt [10] , one obtains the flat-space Schrödinger-like wave equation [7, 11] :
where the multipole number l is a non-negative integer. It was shown in [7] that the asymptotic late-time dynamics of the scalar field (4) is characterized by an oscillatory decaying tail of the form
It is worth pointing out that the oscillatory term cos(µt) in Eqs. (3) and (5) reflects the fact that the late-time (t → ∞) dynamics of a massive field is dominated by only a small fraction of the frequencies which compose the wave packet, those with
see [6, 7] for details.
In the present paper we shall analyze the late-time tails of massive spin-2 fields. The wave equations for these massive fields were derived most recently in [5] . We shall first consider the time evolution of the massive fields in a flat spacetime. We shall then analyze the late-time dynamics in the curved Schwarzschild black-hole spacetime.
The problem of analyzing the late-time tails of higher-spin (s > 0) massive fields is quite challenging. The main technical problem arises due to the coupling between the different degrees of freedom which characterize a higher-spin massive field [4, 5] (this coupling is due to the broken gauge invariance and the additional longitudinal degree of freedom which characterizes the dynamics of massive fields [4, 5, 12] ). As a consequence, the dynamics of higher-spin massive fields are governed by systems of coupled differential equations [13] . We shall show, however, that the wave equations can be decoupled in the asymptotic regime r ≫ µ −1 . This fact will allow us to study analytically the asymptotic late-time dynamics of the massive fields.
II. THE ASYMPTOTIC LATE-TIME TAILS IN A FLAT SPACETIME
We shall now analyze the asymptotic late-time tails of massive spin-2 fields. The various field modes are classified as even-parity modes or odd-parity modes according to their behavior under a parity inversion transformation of the form θ → π − θ and φ → π + π [4, 5] . [Here θ and φ are the polar and azimuthal angles, respectively.] Even-parity modes are multiplied by (−1) l under this inversion transformation, whereas odd-parity modes are multiplied by (−1) l+1 . We shall show below that the dynamics of these two parity modes are characterized by different late-time asymptotic behaviors.
A. The odd-parity dipole (l = 1) mode
The dynamics of the odd-parity dipole (l = 1) mode [14] of massive spin-2 fields is governed by a single Schrödinger-like wave equation of the form [5, 15] 
Note that Eq. (7) is of the form (4) with l eff = 2 as the effective multipole parameter. Thus, taking cognizance of Eq. (5), one finds that the asymptotic late-time tail of the odd-parity dipole (l = 1) mode is given by
B. Generic (l ≥ 2) odd-parity modes
The dynamics of generic (l ≥ 2) odd-parity modes of massive spin-2 fields is governed by a system of two coupled ordinary differential equations [5, 16] :
and
Defining [17] 
one obtains a pair of decoupled wave equations:
Note that Eq. (12) is of the form (4) with l eff = l + 1 as the effective multipole parameter. Thus, taking cognizance of Eq. (5), one finds that the asymptotic late-time tail associated with the field φ + is given by
Likewise, note that Eq. (13) is of the form (4) with l eff = l − 1 as the effective multipole parameter. Thus, taking cognizance of Eq. (5), one finds that the asymptotic late-time tail associated with the field φ − is given by
C. The even-parity monopole (l = 0) mode
The dynamics of the even-parity monopole mode of massive spin-2 fields is governed by a single Schrödinger-like wave equation of the form [5, 18] 
Note that Eq. (16) is of the form (4) with l eff = 2 as the effective multipole parameter [19] . Thus, taking cognizance of Eq. (5), one finds that the asymptotic late-time tail of the even-parity monopole (l = 0) mode is given by
D. The even-parity dipole (l = 1) mode
The dynamics of the even-parity dipole mode of massive spin-2 fields is governed by a system of two coupled ordinary differential equations [5] . These differential equations are rather cumbersome [see Eqs. (44)- (45) of [5] ] but after some tedious algebra one finds that, in the asymptotic limit r ≫ µ −1 , the two equations can be simplified to yield the following system of coupled differential equations [20, 21] :
Defining [22]
Note that Eq. (21) is of the form (4) with l eff = 1 as the effective multipole parameter. Thus, taking cognizance of Eq. (5), one finds that the asymptotic late-time tail associated with the field φ + is given by
Likewise, note that Eq. (22) is of the form (4) with l eff = 3 as the effective multipole parameter. Thus, taking cognizance of Eq. (5), one finds that the asymptotic late-time tail associated with the field φ − is given by
E. Generic (l ≥ 2) even-parity modes
The dynamics of generic (l ≥ 2) even-parity modes of massive spin-2 fields is governed by a system of three coupled ordinary differential equations [5] . These differential equations are rather lengthy [see Eqs. (38)- (40) of [5] ] but after some tedious algebra one finds that, in the asymptotic limit r ≫ µ −1 , the three equations can be simplified to yield the following system of coupled differential equations [20, 23] :
Defining [24]
one obtains a system of three decoupled wave equations:
Note that Eq. (31) is of the form (4) with l eff = l − 2 as the effective multipole parameter. Thus, taking cognizance of Eq. (5), one finds that the asymptotic late-time tail associated with the field φ − is given by
Likewise, note that Eq. (32) is of the form (4) with l eff = l + 2 as the effective multipole parameter. Thus, taking cognizance of Eq. (5), one finds that the asymptotic late-time tail associated with the field φ + is given by
Finally, note that Eq. (33) is of the form (4) with l eff = l as the effective multipole parameter. Thus, taking cognizance of Eq. (5), one finds that the asymptotic late-time tail associated with the field φ 0 is given by
III. THE ASYMPTOTIC LATE-TIME TAIL IN THE CURVED SCHWARZSCHILD SPACETIME
The wave equations for the various modes of massive spin-2 fields in the Schwarzschild black-hole spacetime are rather lengthy, see Eq. (36) of [5] for the odd-parity dipole (l = 1) mode, Eqs. (32)-(35) of [5] for generic (l ≥ 2) odd-parity modes, Eq. (30) of [5] for the even-parity monopole (l = 0) mode, Eqs. (44)- (45) of [5] for the even-parity dipole (l = 1) mode, and Eqs. (38)-(40) of [5] for generic (l ≥ 2) even-parity modes. Remarkably, after some algebra one finds that the wave equations of the various modes are all characterized by the same asymptotic behavior:
where M is the mass of the central black hole. It is important to note that the new term 2M µ 2 /r, which represents the curvature of the black-hole spacetime [25] , dominates over the coupling terms in the asymptotic limit r ≫ M/(M µ) 2 [26] .
It was shown in [27] that the asymptotic late-time dynamics of a wave field of the form (37) is characterized by an oscillatory decaying tail of the form Ψ(t ≫ r ≫ 1/M µ 2 ) ∼ t −5/6 cos(µt) .
Thus, the late-time evolution of massive fields in the curved Schwarzschild black-hole spacetime is universal in the sense that all modes share the same asymptotic behavior (38) [28] . It is worth emphasizing that, for M µ ≪ 1, the flat-space tails of Sec. II dominate the dynamics of the massive fields in the intermediate asymptotic regime
2 , see [7] for details.
